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Abstract. We discuss freeze-out on the hypersurface with time-like normal vector, trying to answer how
realistic it is to assume thermal post-freeze-out distributions for measured hadrons. Using simple kinetic
models for gradual freeze-out we are able to generate a thermal post-FO distribution, but only in a highly
simplified situation. In a more advanced model, taking into account rescattering and re-thermalization,
the post-FO distribution gets more complicated. The resulting particle distributions are in qualitative
agreement with the experimentally measured pion spectra. Our study also shows that the obtained post-
FO distribution functions, although analytically very different from the Jittner distribution, do look pretty
much like thermal distributions in some range of the parameters.

1 Introduction

Since the very beginning of heavy-ion collision physics,
fluid dynamical models were widely used for the simula-
tion of such reactions. Their advantage is that one can
vary flexibly the equation of state (EoS) of the matter
and test its consequences on the reaction dynamics and
the outcome. This makes fluid dynamical models a very
powerful tool to study possible phase transitions in heavy-
ion collisions — such as the liquid-gas or the quark-gluon
plasma (QGP) phase transition. For the highest energies,
achieved nowadays at RHIC, hydrodynamic calculations
give a good description of the observed radial and elliptic
flows [1-6], in contrast to microscopic models, like HIJING
[7] and UrQMD [8].

The freeze-out (FO) process is an important and nec-
essary part of the fluid dynamical modeling. Generally
speaking, fluid dynamical models are determined by the
initial state, EoS and the way FO is realized, in addition
to well known fluid dynamical equations. FO describes the
last stages of the reaction, when the matter becomes so di-
lute and cold that particles do not interact anymore; their
momentum distribution freezes out, and particles stream
freely toward the detectors. FO models allow the evalua-
tion to be made of two-particle correlation data, different
flow analyses, transverse momentum and transverse mass
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spectra and other observables. There are many different
theoretical approaches for the freeze-out problem. Some-
times these approaches are oversimplified to the extent
that conservation of energy and momentum is violated
(see [20,22] for an overview).

A basic standard assumption in fluid dynamical model-
ing of heavy-ion collisions is that freeze-out happens across
a hypersurface in space-time. Such a hypersurface is an
idealization of a layer of finite thickness (of the order of
at least the mean free path or collision time) where the
frozen-out particles are formed and the interactions in the
matter become negligible. The dynamics of this layer is
described in different kinetic models such as Monte Carlo
models [9,10] or four-volume emission models [11-15]. Un-
der such an assumption FO can be pictured as a discon-
tinuity in relativistic flow, where the kinetic properties of
the matter, such as the energy density or flow velocity,
change suddenly.

It took a long time to develop a general theory of dis-
continuities in the relativistic flow. The story goes like
this. In 1948 Taub [16] discussed discontinuities across
propagating hypersurfaces with space-like normal vectors.
If one applies Taub’s formalism to an FO hypersurface
with time-like normal vector, one gets the usual Taub adi-
abat, but the equation of the Rayleigh line yields imagi-
nary values for the particle current across the front. Thus,
these hypersurfaces were thought to be unphysical. How-
ever, more recently, Taub’s approach has been generalized
to these hypersurfaces as well [17] and the imaginary parti-
cle currents arising from the equation of the Rayleigh line
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were eliminated. Thus, it is possible to take into account
conservation laws exactly across any surface of disconti-
nuity in relativistic flow. The corresponding equations are

v s 21114
TpredUV - Tpostdo'l/ ’ (1)
w _ B
NpreUhre A0y = NpostUpost 0. (2)

where do* is the unit 4-vector normal to the discontinuity
hypersurface,

T = (e + p)uru” — pg"” (3)
is the energy-momentum tensor,
N# = nut (4)

is a baryon current (usually in heavy-ion collision mod-
eling we neglect the electric charge current). These con-
sist of local thermodynamical fluid quantities: the energy
density e, pressure p, baryonic density n and the collective
four-velocity ut = ﬁ(l, V).

Since 1974 people were using the Cooper—Frye formula
[18] to calculate the final particle spectra. Much later it
was realized that the Cooper—Frye FO description has the
conceptual problem of negative contributions when it is
applied to the FO hypersurface with space-like normal
vector [19-26]!. This leads to the non-equilibrated cut-off
post-FO distributions:

fFO(r,p; Ta n, uya dO'H) = fFO(rap; Ta n, u’/)@(p'u dau) .

(5)
The simplest example of such a cut-off distribution is the
cut Jittner distribution [28], proposed in [19]. In [21-24]
it was shown that one can obtain the cut Jittner post-FO
distribution in an oversimplified kinetic model. If one im-
proves this model, taking into account rescattering and re-
thermalization, or if one uses a more realistic four-volume
emission model [22], then the final distributions have a
more complicated form, although they are cut-off as re-
quired. Unfortunately, so far we do not have a good an-
alytical expression to fit the post-FO distributions for a
hypersurface with space-like (or, generally, any type of)
normal vector. Therefore in most calculations scientists
prefer to model FO based on time-like hypersurfaces. For
the ultra-relativistic heavy-ion collisions this is justified
by the Bjorken model, where the natural choice of the FO
hypersurface is 7 = 7ro.

In this paper we ask the following question. We know
now that FO through the hypersurface with space-like
normal vector leads to non-equilibrated post-FO distri-
butions, but can we really assume thermal post-FO dis-
tributions if the FO hypersurface is time-like? This is not
restricted by the general theory, but how realistic is such
an assumption? From the experimental data we know that
pion and charged hadron (which are actually pion domi-
nated) transverse mass spectra both at SPS and at RHIC

1 To our knowledge the first attempt to modify the post-FO
distribution has been done by Sinyukov in 1989 [27]. For a
critical review of this work see [25]

V.K. Magas et al.: Non-equilibrated post-freeze-out distributions

[29,30] are not the Jiittner type — the slope parameter is
decreasing with increasing py.

We generalize the simple model presented in [21-24]
for the FO hypersurface with time-like normal vector (the
model is also not 1D any more). The philosophy of this
work is also similar — first we will show that in the over-
simplified model the obtained post-FO spectra are really
thermal ones. Then in a more realistic model, taking into
account rescattering in the still interacting gas, we will
obtain the post-FO distribution in the more complicated
non-equilibrated form, which is in qualitative agreement
with the experimental data mentioned above. Actually the
main goal of this work is not quantitative calculations, but
a qualitative understanding of the phenomenon in simple
models.

2 Simple freeze-out model

As it was mentioned above, our basic model is in some
sense similar to the one discussed in [21-24], but on the
other hand it is much more realistic and also habitual for
the people working in the ultra-relativistic heavy-ion col-
lision field. Instead of the very special geometry (1D, the
infinitely long tube with particle source on the left end and
vacuum on the right one) used in [21-24], this model can
be combined with any relativistic hydrodynamical model.
Below we will use the proper time coordinate keeping in
mind the Bjorken hydrodynamical model, as the simplest
but still reliable one, although a similar treatment could
be done for any pre-FO state.

Let assume that at some moment 7 = 79 our mat-
ter is still completely equilibrated and is described by
the thermal distribution fyuttner (70,1, p, T, n, ut). Start-
ing from this moment, matter starts to gradually freeze
out. At each particular moment 7; the FO hypersurface
will be 7 = 7;, and we will follow this hypersurface, i.e. we
will describe our system from the reference frame of the
front (RFF), where the normal vector is do,, = (1,0,0,0).
We can describe the FO kinetics of such a system as-
suming that we have two components of our distribu-
tion [12-14,21-24]: fieo(T, T, p), describing frozen-out par-
ticles, and fint (7,1, p), describing particles which still in-
teract (below we will use a shorter notation, frec(7) and
fint(7), but the meaning is the same). At the initial mo-
ment, 7 = 79, the distribution fgee vanishes exactly and
fint(TO) = fJuttner(TOarapa T,n,u“). In this work we will
use an extended definition of the classical Jiittner distri-
bution [28], which is adequate at ultra-relativistic energies
and allow for particle creation. Thus the particle density,
which depends on 7, is not the same as the conserved
baryon charge density, n. Then, fi,; gradually disappears
and free gradually builds up as 7 increases. The most sim-
ple kinetic model describing the evolution of such a system
is the following;:

O, fune(7) = —Tiffintm, (6)

B frree(T) = Tiffim(f),



where 7¢ is a parameter with dimension of time determin-
ing how fast particles freeze out. It is of the order of the
collision time. In the general case 7+ may depend on parti-
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1 1
arfint(T) = _*fint(T) + [feq(T) - fint(T)] 0
Tt Tr
1
a’rffree(T) = ?ffint(T) . (9)

cle density and momentum of the particle, but in our sim-
ple model we neglect such effects and consider 7+ = const.
Our assumption becomes particularly bad for large times,
when the particle density is very low — we will discuss this
problem separately in Sect.2.3. If this approximation is
not done, i.e. the relaxation time is assumed to be mo-
mentum and density dependent, that would be a large
step towards the full solution of the BTE, which is then
a much more involved problem, and in most cases cannot
be performed analytically. Nevertheless even this strongly
simplifying assumption leads to non-trivial results as we
shall see later.

The interacting component, fiy, will gradually freeze
out in an exponential rarefaction with time. We have

T—TQ

fint(T) = f.]uttncr(TO)e_ T (7)

Then

firee(7) = frumer(r0) (1=¢" 7). (8)

At 7 — oo the distribution fr.e will tend to the original
Juttner distribution, while fi,; will vanish. The frozen-out
particles keep their velocities and consequently the volume
occupied by the frozen-out matter will gradually increase
with time.

This is a highly unrealistic model, similar to the one
resulting in the cut Jittner distribution in [21-24] for the
FO hypersurface with space-like normal vector. We can
improve this model taking into account rescattering in the
interacting component in the same way as it was done in
the references above.

2.1 Freeze-out model with rescattering

The assumption that the interacting part of the distribu-
tion, fint, remains after some drain the same Juttner dis-
tribution with decreased amplitude is, of course, highly
unrealistic. As suggested in [21-24] rescattering within
this component will lead to re-thermalization and re-equi-
libration of this component. Thus, the evolution of the
component fi,; is determined both by the drain term and
the re-equilibration. If we include the collision terms ex-
plicitly into the transport equations (6), this in the general
case leads to a combined set of integro-differential equa-
tions. We can, however, take advantage of the relaxation
time approximation to simplify the description of the dy-
namics. In this framework the two components of the mo-
mentum distribution develop according to the modified

coupled differential equations?:

2 Notice that in the ultra-relativistic case the total number
of particles is much bigger than the baryon charge and depends
on T. Thus the collision term in the system (9) gives a non-
trivial and non-vanishing contribution

Thus, the interacting component of the momentum
distribution, described by (9), shows the tendency to ap-
proach an equilibrated distribution with a relaxation time
7. Of course, due to the energy, momentum and conserved
particle drain, this distribution, feq(7), is not the same as
the initial Jiittner distribution, but its parameters, neq(7),
Teq(7) and uf, (), change as required by the conservation
laws.

If we do not have collision or relaxation terms in our
transport equation, then the conservation laws are triv-
ially satisfied, because the change of the full distribution
function is 9, f = 07 fint(7) + Or frree(7) = 0. If, however,
collision or relaxation terms are present, these contribute
to the change of T*” and N*, and this should be consid-
ered in the modified distribution function fin(7). In this
case from the conservation laws we get

dr [d3p dr

dN-lJ :_dN'u = - — M in: :——N.M

int free ¢ Do p f t(T) ¢ int

. (10)
an
d d3 d
ATl = —dTge, = = [ “Ephp" fus(r) = = Tht

Tf Po Ui

(11)
where we used kinetic definitions of N*# and T*”. The
above equations can be easily solved:

T—T0

(r) = N (m)e™

N

int

(12)

and

_T-70

TE (1) =T* (19)e” 7

int

(13)

2.2 Immediate re-thermalization limit

As a first approximation to this solution let us assume
that 7. < 7y, i.e. re-thermalization is much faster than
particles freeze out, or much faster than the parameters
Neq(T), Teq(7) and uf, (7) change. This leads to
fint(T) = feq(T), for 7 < 7¢. (14)
This assumption may be unrealistic for large times, when
the particle density becomes very low. We shall discuss
the problem of the large times in the next section.
For feq(7) we can assume the usual Jittner form at any
T with parameters n(7), T(7) and u*(7), where u*(7) is
the flow velocity in the RFF frame. Under such an assump-
tion the interacting component is all the time in equilib-
rium, and therefore baryon current and energy-momentum
tensor of this component have the usual forms, (3) and (4).
Thus, we can write (12) and (13) in the following forms:

T—TQ

n(T)u’ (1) = n(mo)u(r0)e” ¢

(15)
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and
(e(7) + p(T))u(T)u” () — p(T)g"” ) (16)

= [(e(70) + p(r0))u (7o) (70) — p(0)g" ] € 7

Using the expressions derived in [22] we can easily find
the solutions for n(7), €(7), p(r) and u#(7). First of all,
it is nice to see that now we do not have a problem with
the flow velocity definition (for the FO model discussed
in [21-24] the Landau and Eckart definitions of the flow
velocity were giving different results), because the velocity
change vanishes:

dN, (1)

n(r)
_qut _ AM(r) dTe(r) w(r)
- duLandau(T) - 6(7’) + P(T)

dugckart (T) = AW (T)

(17)

:O’

where A"V (1) = g" — ut(7)u”(7) is a projector to the
plane orthogonal to u# (7). Thus,

ut(1) = ut(79) = ut = const. (18)
Then,
de() = w, ATLY (1) wy — €(1) = e(To)efthO (19)

From (15) and (18) we obtain the expression for the
baryon density

T—70

n(t) =n(m)e 7t (20)
Similarly, from (16), (18) and (19) we obtain
p(r) = p(ro)e” 7 (21)

This last expression means that from the moment our
gradual FO has started, the pressure in the interacting
component is fixed by the model and conservation laws,
and one does not need in addition the EoS as usual. The
EoS during FO looks like

(22)

2.3 Freeze-out of massless pion gas

To proceed we need to make some assumptions about the
type of matter we are dealing with. First of all we assume
that our system is homogeneous (this assumption will be
used for the next sections as well). Let us take the simplest
case of massless pion gas. Then, EoS is

€ = USBT47 (23)
1
b= gea (24)

and it will stay like this during the whole FO process.
Using (19) we find temperature as a function of 7:

_T-70

T(r)=T(rp)e *

(25)
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Thus, we can write the expression for the Maxwell-
Boltzmann (MB) distribution function of the interacting
component (we are working in the system where h = ¢ =1
and assume for simplicity only one type of pions, i.e. de-
generacy g = 1):

pPuy
ptuy 1 -

Jint(7) = (2@367 = Gt T (26)

fint (T)IT—>OO — 07 (27)
as it should. For such a distribution
3
OSB — ﬁ . (28)

Now, based on the second equation in the system (9),
we can find the distribution function of the frozen-out par-
ticles:

o) = i [ () - (s )]

(29)
where
N
Ei(y) = / —dy (30)
is the Exponential integral function. We have
4 . pHu
ree T—00 7 T E - K . 3].
i 1) R

Figure 1 shows the evolution of the fi,¢ (upper subplot)
and free (lower subplot) with time, A1 = (7 — 79)/7%.
The initial flow velocity (which is actually kept constant
all the time) is v = 0 (inspired by the Bjorken model).
T(79) = 170 MeV — we want to start our simulation right
after hadronization. We present the distribution functions
versus absolute value of the momentum; as for zero flow
velocity all the directions are equivalent.

We would like to underline the following points about
these graphs. One may notice that for the small times 7
(AT < 3) firee looks pretty similar to some thermal distri-
bution — a straight line in the logarithmic scale in our case
— although the analytical expression is very different. For
larger A1 values fiee starts to show clear deviations from
the thermal-like distribution. Its non-thermal behaviour,
namely the decrease of the slope with increasing momen-
tum, is in qualitative agreement with the experimentally
measured pion and charged hadrons spectra [29,30].

For the very large times our distribution becomes very
strongly peaked at low momenta. This is not a surprise,
since our temperature is going down exponentially and for
large times we keep only particles with very low momenta
in our interacting component, which keeps gradually freez-
ing out and cooling down.

As it was mentioned before, our model becomes unre-
alistic for large times, but there is a staightforward way to
solve this problem. After some time the particle density
will be so low that the particles will have no chance for fur-
ther interaction. So we have to stop at some moment and
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Fig. 1. Here we show the evolution of the fint (upper subplot)
and fiee (lower subplot) with time, A7 = (7 — 70)/7¢. The
initial flow velocity (which is actually kept all the time) is
v =0, T(10) = 170MeV. We present distribution functions
versus absolute value of the momentum, since for zero flow
velocity all the directions are equivalent

transfer the rest of the still “interacting” particles (prob-
ably a few percents) to the frozen-out component. In any
case, since our FO is a very fast exponential process, the
uncertainty generated at large times will be rather small.

2.4 Entropy condition

To obtain a physically realizable result, we have to check
the condition for entropy increase:

Sy — Sy >0, (32)

where, for both the equilibrium and the non-equilibrium
distributions, the entropy current is given by

S = sult = — / ff P 1) [m{en® 1m} -1
(33)
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This condition is not necessary to obtain a solution of the
freeze-out problem, but it should always be checked to
exclude non-physical solutions.

In our case the original entropy density is given by the
well known expression for the Maxwell-Boltzmann gas:

_de(r) 4

5T w2l ()

s(70)

(34)

where we have used (28). The entropy density for 7 = oo,
when all the particles are frozen out, can be calculated
through (33) using the distribution function given by (31).
We have done this integration numerically and obtained
for the ratio of the entropy densities

R:s(T:oo)

— 0.9449 ,
s(70)

(35)

for any initial temperature, T'(19) 3.

Thus, we see that the entropy density is slightly de-
creasing during our FO process. Since we have a gradual
FO, this means that in order to avoid a decrease of the
total entropy, our FO model has to be accompanied by
an expansion, which is natural, as mentioned before, and
which should lead to a volume increase by at least 6%
during FO. This does not sound unrealistic.

2.5 Freeze-out of nucleons

Now we would like to study the situation for baryon rich
matter — in this case the distribution functions will be dif-
ferent, since we have to take care of baryon density conser-
vation in addition. If our system contains some nucleons
in addition to pions (for simplicity we assume that there
are no other mesons in the system), then the situation
is the following. The EoS at the pre-FO state was more
complicated than (24), but for the FO times it is fixed
by (22). We assume that the temperature is high and the
chemical potential is not too large — such that our system
is pion dominated (this is a reasonable assumption for
ultra-relativistic heavy-ion collisions). For such a system
the temperature will still basically be defined by pions and
we can connect € and T through (23), and correspondingly
(25) is also valid®.

3 It is not a surprise that R is independent on T (70), since
for the massless gas we have only one dimensional parameter
— T(70) — and correspondingly s o< T2 (7o)

4 If we would use Bose and Fermi statistics we could formu-
late this approach in the following way:

2
EIUSBT4+O (ﬁ) s (36)
and
2
n:aSBT2u+O <ﬁ) . (37)

From the last equation using (25) and (20), we can find that

T—TQ

w(r) = p(ro)e 77 (38)



260

The expression for the distribution function of the in-
teracting component now becomes (see for example [31])

1 _ Py
. = ()
flnt (T) 27Tm2TK2 (m/T) ’I’L(T)e )

(39)

where m is the mass of the nucleon, Ky (z) is a Bessel func-
tion of the second kind. Of course, for the proper treat-
ment of the nucleons we would have to use Fermi statistics,
but in this work we restrict ourselves to MB distribu-
tions first of all to get analytical/semianalytical results,
and secondly because MB distributions are nevertheless
frequently used to fit experimental data; see for example
[30]. Since for the FO in heavy-ion collisions T' < m, we
can use the expansion of the Bessel function:

Kn(2)]soo = \/Zez <1 +0 (i)) .

Thus we obtain

pPuy—m
T(7)

fint(7) = CT_3/2(T)n(T)e_ (40)
T ,

5 T—T

= C T3 %(rg)n(rp)e 5 71

T @ T(rp)e

where C' = ( L

CTTEER

Now, based on the second equation in the system (9),
we can calculate the distribution function of the frozen-out
particles. We can write

Again we see that fint(7)]r—00 — 0.

Free(T) = 4CT ™32 (70)n(70) (PP, — m)®/? (41)

. {F <_Z’P”w_m> _F<_Z’(P“Uu_m)ef4rzo>} ,

where -
I'(o,x) :/ ez ldx (42)
xT
is the incomplete gamma function®. We have
ffree(T)|T—>oo — (43)

5
ACT 3" (1o)n(m0) (pHuy, — m)5/2 r <_2’pﬂuu - m) .

The nucleon distribution functions are presented in
Fig. 2. We choose the initial baryon density much smaller
than the normal nuclear density, n(rp) = 0.0025 fm =3, to
justify our approach [31]:

2\ st
= T(ro)1 m/T (7o
(7o) (10) In <mT(7'0)> ne
= 31MeV < T(r) = 170 MeV .

and, thus, p is decreasing faster than 7', and therefore if the
inequality p < T, holds for 7 = 79, it will be even stronger for
higher 7

5 Please note that the Exponential integral function, (30),
is actually a special case of the incomplete gamma functions:
I'0,z) = —Ei(—x)
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Fig. 2. The same as Fig. 1, but for the nucleon distribution
functions. Calculations are done for n(7o) = 0.0025 fm ™3

Again free looks similar to some thermal distribution.
In this case fiee is saturating very fast — already the free
(A7 = 3) is a good approximation of the final free(AT =
00). This is due to the fact that fi, is freezing out much
faster for baryons since, in addition to the exponentially
decreasing temperature, it now has the baryon density,
n(7), in front, which decreases even faster than 7'

3 Freeze-out of dynamically expanding system

As it was shown in Sect.2.4 we have to apply our FO
model to the expanding system, which is natural in heavy-
ion collisions. The simplest, but still non-trivial, choice
we kept in mind from the very beginning is the Bjorken
hydrodynamical model.

Combination of this FO scenario with the Bjorken sce-
nario is straightforward. Let us, for example, concentrate
on the energy density. The initial state is given at some
Tin: € = €(7in). From this moment the energy density can
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be calculated in the Bjorken hydrodynamical model from References

the equation
de  e+p

— = . 44
or T (44)
For the ideal ultra-relativistic gas with EoS p = ¢/3 we

obtain
4/3

e(1) = €(Tin) (%)

Equation (45) is valid until the moment 7 = 75, when FO
starts. Then, during the FO process the energy density is
given by the expression:

AN,
:e(Tin) <;n) e_ TE

0

(45)

T—T0

e(r) = €e(mp)e 7t

(46)

4 Conclusions

Our analysis shows that, although the thermal post-FO
distributions are not restricted by the general theory for
the FO hypersurface with time-like normal vector, it may
be too optimistic to fit particle spectra with thermal dis-
tributions. In our simple kinetic models we are able to
calculate post-FO distributions analytically, and we may
indeed reproduce the thermal post-FO distribution, but
only in a highly simplified situation. If we take into ac-
count rescattering and consequently re-thermalization in
the interacting component, the post-FO distribution gets
a more complicated, non-thermal form. The resulting par-
ticle distributions are in qualitative agreement with the
experimentally measured pions spectra.

To clarify the principal place of our work in the field
we shall make a comparison with the cut Jiittner ap-
proach of Bugaev [19], (5), which is the only other post-FO
distribution published up to recently, which satisfies the
FO requirements for space-like FO surfaces. Afterwards,
Bugaev’s approach was improved for space-like surfaces
in [21,22] and in subsequent publications by this research
group. The present work completes this improvement work
and extends it to time-like FO hypersurfaces also. Thus,
more precisely, this approach is an improvement compared
to [19] just as the works [21,22]. The approach is not
the best of all possible approaches; it includes a few sim-
plifying assumptions for the more transparent presenta-
tion, but it is an important advance compared to the cut
Juttner approach.

Another important point one can learn from our study
is that although our post-FO distribution functions are
analytically very different from the Jittner distribution,
they do look pretty much like thermal distributions in
some range of their parameters. Thus, the observed spec-
tra may easily be misinterpreted.
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